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From quarks to nuclei

• Nuclear physics: an emergent phenomenon of the 
Standard Model

• Like the proton, nuclei are SM eigenstates 

• How exactly do nuclei emerge from the SM?

• Issues 

• Recent progress

• Future prospects



Quantum chromodynamics

• NP from the SM, but focus on QCD

• Lattice QCD: quarks and gluons

• Formulate problem as functional integral 
over quark and gluon d.o.f. on R4

• Discretise and compactify system 

• Integrate via importance sampling
(average over “important” cfgs)

• Systematically undo the harm done 
in previous steps



• Measure correlator (χ = object with q# of hadron)

• Unitarity: 

•  Hamiltonian evolution

• Long times only ground state survives

QCD Spectroscopy
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Effective mass

• Construct 

• Plateau corresponds to energy of ground state

• Fancier techniques able to resolve multiple eigenstates

M(t) = ln [C2(t)/C2(t + 1)] t!1�! M
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QCD: meson/baryon spectrum

Ground state B=0,1 spectrum of QCD

[recent review: A Kronfeld, 1209.3468]

points correspond to calculations by different groups



QCD: meson/baryon spectrum

Ground state B=0,1 spectrum of QCD

[recent review: A Kronfeld, 1209.3468]

points correspond to calculations by different groups

QCD describes 
low energy strong 

interactions



QCD: meson/baryon spectrum

Ground state B=0,1 spectrum of QCD

[recent review: A Kronfeld, 1209.3468]

points correspond to calculations by different groups

Time to move up the 
periodic table
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Nuclear physics from LQCD
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• Long time behaviour gives ground state energy 
up to EW effects
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Nuclear physics from LQCD

• Can we compute the mass of 208Pb in QCD?

• Yes

• Long time behaviour gives ground state energy 
up to EW effects

• But...

h0|Tq1(t) . . . q624(t)q1(0) . . . q624(0)|0i

t!1�! # exp(�MPbt)
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• Complexity:  number of
Wick contractions = (A+Z)!(2A-Z)!
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An (exponentially hard)2 problem?

• Complexity:  number of
Wick contractions = (A+Z)!(2A-Z)!

• Dynamical range of scales 
(numerical precision important)

• Small energy splittings and large 
objects

keV
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An (exponentially hard)2 problem?

• Complexity:  number of
Wick contractions = (A+Z)!(2A-Z)!

• Dynamical range of scales 
(numerical precision important)

• Small energy splittings and large 
objects

• Importance sampling: statistical 
noise exponentially increases with A

keV

73Ge



The trouble with baryons

• Importance sampling of QCD functional integrals 
➤ correlators determined stochastically 

• Variance in single nucleon correlator (C) determined by 

• For nucleon: 

• For nucleus A:

[Lepage ’89]

�2(C) = hCC†i � |hCi|2

signal

noise

⇠ exp [�(MN � 3/2m⇡)t]

signal

noise

⇠ exp [�A(MN � 3/2m⇡)t]
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The trouble with baryons

• Importance sampling of QCD functional integrals 
➤ correlators determined stochastically 

• Variance in single nucleon correlator (C) determined by 
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• For nucleus A:

N

N✝

[Lepage ’89]

�2(C) = hCC†i � |hCi|2

signal

noise

⇠ exp [�(MN � 3/2m⇡)t]

signal

noise

⇠ exp [�A(MN � 3/2m⇡)t]



The trouble with baryons

• Importance sampling of QCD functional integrals 
➤ correlators determined stochastically 

• Variance in single nucleon correlator (C) determined by 

• For nucleon: 

• For nucleus A:

π

π

π

[Lepage ’89]

�2(C) = hCC†i � |hCi|2
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noise
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The trouble with baryons
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High statistics study using anisotropic lattices (fine temporal resolution)

@ mπ = 390 MeV
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The trouble with baryons
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Phys. Rev D80, 074501, 2009

High statistics study using anisotropic lattices (fine temporal resolution)

Golden window of 
time-slices where 
signal/noise const

No?

@ mπ = 390 MeV

Interpolator choice can be used to suppress noise



Multi-baryon systems

• Showed that the study of nuclei was feasible

• Contractions still demanding

• Recent studies 

• NPLQCD

• PACS-CS

• HALQCD

• Resurgence in development of formalism to understand 
what is measured 



Bound states at finite volume

• Two particle scattering amplitude in infinite volume

bound state at                when

• Scattering amplitude in finite volume (Lüscher method)

• Need multiple volumes

• Volume dependence set by binding momentum

• More complicated for n>2 body bound states
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Dibaryons

• H dibaryon (first B=2 bound state seen), di-neutron and deuteron

• More exotic channels also considered (ΞΞ and ΩΩ)

• More work needed at lighter masses
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Dibaryons

• H dibaryon (first B=2 bound state seen), di-neutron and deuteron

• More exotic channels also considered (ΞΞ and ΩΩ)

• More work needed at lighter masses
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• Many baryon correlator construction is messy 
and expensive, but now feasible

• Efficient contraction algorithms developed in 
many-pion studies (up to 72 pions!)
[WD & M. Savage; WD,, K Orginos, Z. Shi; T. Doi & M. Endres.;  WD, K Orginos]

• Enables study of few (and many) baryon systems

• NPLQCD collaboration

• Unphysical SU(3) symmetric world @ msphys

• Multiple big volumes, single lattice spacing

Multi-baryon systems

NB: SU(3) symmetry leads to unphysical degeneracies

. . 
. . 

. .

. . 
. . 

. .



Nuclei (A=2)

NPLQCD Phys.Rev. D87 (2013) 034506 
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Nuclei (A=2)

deuteron nn H-dib nL H1s0L nL H3s1L nS H1s0L nS H3s1L nX H3s1L pX H3s1L

10
27

1

10

8A

-100

-80

-60

-40

-20

0

D
E
HMe

V
L

L=48 , »p»=2L=48 , »p»=1L=48 , »p»=0L=32 , »p»=2L=32 , »p»=1L=32 , »p»=0L=24 , »p»=0

NPLQCD Phys.Rev. D87 (2013) 034506 



Nuclei (A=3,4)
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Nuclei (A=3,4)
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FIG. 17: The bound-state energy levels in the J⇡ = 0+ 4

⇤⇤

He ( 4

⇤⇤

H and nn⇤⇤) sector. The
points and their associated uncertainties correspond to the energies of the states extracted from
the correlation functions with the quantum numbers of the ground state of 4

⇤⇤

He. The excited
state of the 4

⇤⇤

He , in the 28, has the same energy as the ground state of 4He. The locations of
the energy-levels associated with non-interacting ⇤-3

⇤

He, N⇤-N⇤, H-dibaryon-di-nucleon, N⇤-N-⇤,
di-nucleon-⇤-⇤, H-dibaryon-N-N, and ⇤-⇤-N-N continuum states, determined from the two-body
binding energies given in Table VII and the three-body energies given in eq. (9) and eq. (12), are
shown.

identify this as the ground state of the 4

⇤⇤

He, 4

⇤⇤

H, nn⇤⇤ isotriplet. However, it is possible
that this is an excited state of the nucleus, with irreps other than the 28 and 27 containing
a lower energy state. Further, it is also possible that this state is a continuum scattering
state associated with N+ 3

⇤⇤

H. Clearly, further calculations are required to unambiguously
distinguish the energy of the 27 ground state from that of the 28 excited state.

VII. FIVE-BODY SYSTEMS

There are a plethora of five-body systems that can be explored theoretically at the SU(3)
symmetric point, dictated, in part, by the product of five 8’s,

8⌦ 8⌦ 8⌦ 8⌦ 8 = 32 1� 145 8� 100 10� 100 10� 180 27� 20 28� 20 28

� 100 35� 100 35� 94 64� 5 80� 5 80� 36 81� 36 81

� 20 125� 4 154� 4 154� 216 . (17)

25

• Empirically investigate volume dependence

• Need to ask if this is a 2+1 or 3+1 or 2+2 etc scattering state

NPLQCD Phys.Rev. D87 (2013) 034506 



Nuclei (A=2,3,4)
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Periodic table

• Significant competition from PACS-CS and HALQCD (Japan)
Also from groups in Germany
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Nuclei (A=4,8,12,...)

WD, Kostas Orginos,1207.1452

Quark determinant based contraction method

(low statistics, single volume)



Nuclei (A=4,8,12,...)
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Nuclei (A=4,8,12,...)
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Nuclei (A=4,8,12,...)
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Nuclei (A=4,8,12,...)
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Nuclei (A=4,8,12,...)
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Hyperon-nucleon interactions

• Observation of 1.97 M   n-star [Demorest et al., Nature, 2010]

“effectively rules out the presence of hyperons, bosons, or free quarks”

• Relies significantly on poorly known hadronic interactions at 
high density: hyperon-nucleon, nnn, ...



• Scattering in Euclidean space?

• Two particles in a box

• Eigen-energies depend on 
interactions (Lüscher method)

• Use finite volume energy levels to 
determine hyperon-nucleon phase 
shift from QCD

• Match to effective field theory to 
extract phase shift at physical mass

Phys. Rev. Lett. 109 (2012) 172001 
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FIG. 1: LQCD-predicted 1S0 n⌃� phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
compared with other determinations, as discussed in the text.
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FIG. 2: LQCD-predicted 3S1 n⌃� phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
compared with other determinations, as discussed in the text.

tor, thereby determining the LO interaction, including
energy-independent and local potentials, wavefunctions
and phase shifts, at the physical pion mass.

We find that our LQCD calculations in the 1S0 n⌃�

channel are consistent with the SU(3) symmetry expecta-
tions. At m⇡ ⇠ 389 MeV, using a volume extrapolation
as discussed above, we find that this channel has a bound
state, with binding energy B = 25± 9.3± 11 MeV. The
quality of the LQCD data in the 1S0 n⌃� channel is com-
parable to that of its 27-plet partner ⌅�⌅�, analyzed in
detail in Ref. [30] (see also [45]). In the EFT, the coe�-
cient of the LO contact operator in this channel is deter-
mined by tuning it to reproduce the LQCD-determined
binding energy. We find that this channel becomes un-
bound at m⇡

<⇠ 300 MeV, in agreement with Ref. [46],
which constrained the LO contact operator using exper-
imental data. In Fig. 1, we show the predicted 1S0 n⌃�

phase shift at the physical pion mass — (dark, light) blue
bands correspond to (statistical, systematic) uncertain-
ties — and compare with the EFT constrained by ex-
perimental data [23], the Nijmegen NSC97f model [14],
and the Jülich ’04 model [18]. The systematic uncer-
tainties on our predictions include those arising from the
LQCD calculation (see [45]) as well as estimates of omit-

ted higher-order e↵ects in the EFT.
The 3S1-3D1 n⌃� coupled channel is found to be highly

repulsive in the s-wave at m⇡ ⇠ 389 MeV, requiring in-
teractions with a hard repulsive core of extended size.
Such a core, if large enough, would violate a condition re-
quired to use Lüscher’s relation, namely R ⌧ L/2 where
R is the range of the interaction. We have determined
the EFT potential directly by solving the 3-dimensional
Schrödinger equation in finite volume to reproduce the
energy levels obtained in the LQCD calculations. The re-
pulsive core is found to be large, and formally precludes
the use of Lüscher’s relation, but both methods lead to
phase shifts that agree within uncertainties, indicating
that the exponential corrections to Lüscher’s relation are
small. In Fig. 2, we show the predicted 3S1 n⌃� phase
shift at the physical pion mass.
The n⌃� interactions presented here are the crucial

ingredient in calculations that address whether ⌃�’s ap-
pear in dense neutron matter. As a first step, and in order
to understand the competition between attractive and re-
pulsive components of the n⌃� interaction, we adopt a
result due to Fumi for the energy shift due to a static
impurity in a non-interacting Fermi system [47]:

�E = � 1

⇡µ

Z kf

0
dk k

h 3

2
�3S1

(k) +
1

2
�1S0

(k)
i
, (2)

where µ is the reduced mass in the n⌃� system. Us-
ing our LQCD determinations of the phase shifts, and
allowing for a 30% theoretical uncertainty, the resulting
energy shift and uncertainty band is shown in Fig. 3. At
neutron number density ⇢n ⇠ 0.4 fm�3, which may be
found in the interior of neutron stars, the neutron chem-
ical potential is µn ⇠ MN + 150 MeV due to neutron-
neutron interactions, and the electron chemical potential,
µe� ⇠ 200 MeV [48]. Therefore µn + µe� ⇠ 1290 MeV,
and consequently, if µ⌃� = M⌃+�E <⇠ 1290 MeV, that
is, �E <⇠ 100 MeV, then the ⌃�, and hence the strange
quark, will play a role in the dense medium. We find
using Fumi’s theorem that �E = 46 ± 13 ± 24 MeV at
⇢n = 0.4 fm�3. Corrections due to correlations among
neutrons are di�cult to estimate and will require many-
body calculations which are beyond the scope of this
study. Despite this caveat, the results shown in Fig. 3
indicate that the repulsion in the n⌃� system is inad-
equate to exclude the presence of ⌃�’s in neutron star
matter, a conclusion that is consistent with previous phe-
nomenological modeling (for a review, see Ref. [49]).

In this letter, we have presented the first LQCD predic-
tions for hypernuclear physics, the 1S0 and 3S1 n⌃� scat-
tering phase shifts shown in Fig. 1 and Fig. 2. While the
LQCD calculations have been performed at a single lat-
tice spacing, lattice-spacing artifacts are expected to be
smaller than the other systematic uncertainties. We an-
ticipate systematically refining the analysis presented in
this letter as greater computing resources become avail-
able. The n⌃� interaction is critical in determining the
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FIG. 3: The energy shift versus neutron density of a single
⌃� in a non-interacting Fermi gas of neutrons as determined
from Fumi’s theorem in Eq. (2). The inner (outer) band en-
compasses statistical (systematic) uncertainties.

relevance of hyperons in dense neutron matter, and we
have used the LQCD predictions of the phase shifts to es-
timate the ⌃� energy shift in the medium. Our calcula-
tion suggests that hyperons are important degrees of free-
dom in dense matter, consistent with expectations based
upon the available experimental data and hadronic mod-
eling. It is important that more sophisticated many-body
techniques be combined with the interactions determined
in this work to obtain a more precise determination of the
energy shift of the ⌃� in medium. This will refine the
prediction for the role of strange quarks in astrophysi-
cal environments, and, in particular, will quantitatively
address questions posed by the recent observation of a
1.9M� neutron star [50].
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FIG. 1: LQCD-predicted 1S0 n⌃� phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
compared with other determinations, as discussed in the text.
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FIG. 2: LQCD-predicted 3S1 n⌃� phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
compared with other determinations, as discussed in the text.

tor, thereby determining the LO interaction, including
energy-independent and local potentials, wavefunctions
and phase shifts, at the physical pion mass.

We find that our LQCD calculations in the 1S0 n⌃�

channel are consistent with the SU(3) symmetry expecta-
tions. At m⇡ ⇠ 389 MeV, using a volume extrapolation
as discussed above, we find that this channel has a bound
state, with binding energy B = 25± 9.3± 11 MeV. The
quality of the LQCD data in the 1S0 n⌃� channel is com-
parable to that of its 27-plet partner ⌅�⌅�, analyzed in
detail in Ref. [30] (see also [45]). In the EFT, the coe�-
cient of the LO contact operator in this channel is deter-
mined by tuning it to reproduce the LQCD-determined
binding energy. We find that this channel becomes un-
bound at m⇡

<⇠ 300 MeV, in agreement with Ref. [46],
which constrained the LO contact operator using exper-
imental data. In Fig. 1, we show the predicted 1S0 n⌃�

phase shift at the physical pion mass — (dark, light) blue
bands correspond to (statistical, systematic) uncertain-
ties — and compare with the EFT constrained by ex-
perimental data [23], the Nijmegen NSC97f model [14],
and the Jülich ’04 model [18]. The systematic uncer-
tainties on our predictions include those arising from the
LQCD calculation (see [45]) as well as estimates of omit-

ted higher-order e↵ects in the EFT.
The 3S1-3D1 n⌃� coupled channel is found to be highly

repulsive in the s-wave at m⇡ ⇠ 389 MeV, requiring in-
teractions with a hard repulsive core of extended size.
Such a core, if large enough, would violate a condition re-
quired to use Lüscher’s relation, namely R ⌧ L/2 where
R is the range of the interaction. We have determined
the EFT potential directly by solving the 3-dimensional
Schrödinger equation in finite volume to reproduce the
energy levels obtained in the LQCD calculations. The re-
pulsive core is found to be large, and formally precludes
the use of Lüscher’s relation, but both methods lead to
phase shifts that agree within uncertainties, indicating
that the exponential corrections to Lüscher’s relation are
small. In Fig. 2, we show the predicted 3S1 n⌃� phase
shift at the physical pion mass.
The n⌃� interactions presented here are the crucial

ingredient in calculations that address whether ⌃�’s ap-
pear in dense neutron matter. As a first step, and in order
to understand the competition between attractive and re-
pulsive components of the n⌃� interaction, we adopt a
result due to Fumi for the energy shift due to a static
impurity in a non-interacting Fermi system [47]:
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2
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2
�1S0

(k)
i
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where µ is the reduced mass in the n⌃� system. Us-
ing our LQCD determinations of the phase shifts, and
allowing for a 30% theoretical uncertainty, the resulting
energy shift and uncertainty band is shown in Fig. 3. At
neutron number density ⇢n ⇠ 0.4 fm�3, which may be
found in the interior of neutron stars, the neutron chem-
ical potential is µn ⇠ MN + 150 MeV due to neutron-
neutron interactions, and the electron chemical potential,
µe� ⇠ 200 MeV [48]. Therefore µn + µe� ⇠ 1290 MeV,
and consequently, if µ⌃� = M⌃+�E <⇠ 1290 MeV, that
is, �E <⇠ 100 MeV, then the ⌃�, and hence the strange
quark, will play a role in the dense medium. We find
using Fumi’s theorem that �E = 46 ± 13 ± 24 MeV at
⇢n = 0.4 fm�3. Corrections due to correlations among
neutrons are di�cult to estimate and will require many-
body calculations which are beyond the scope of this
study. Despite this caveat, the results shown in Fig. 3
indicate that the repulsion in the n⌃� system is inad-
equate to exclude the presence of ⌃�’s in neutron star
matter, a conclusion that is consistent with previous phe-
nomenological modeling (for a review, see Ref. [49]).

In this letter, we have presented the first LQCD predic-
tions for hypernuclear physics, the 1S0 and 3S1 n⌃� scat-
tering phase shifts shown in Fig. 1 and Fig. 2. While the
LQCD calculations have been performed at a single lat-
tice spacing, lattice-spacing artifacts are expected to be
smaller than the other systematic uncertainties. We an-
ticipate systematically refining the analysis presented in
this letter as greater computing resources become avail-
able. The n⌃� interaction is critical in determining the
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FIG. 1: LQCD-predicted 1S0 n⌃� phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
compared with other determinations, as discussed in the text.
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FIG. 2: LQCD-predicted 3S1 n⌃� phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
compared with other determinations, as discussed in the text.

tor, thereby determining the LO interaction, including
energy-independent and local potentials, wavefunctions
and phase shifts, at the physical pion mass.

We find that our LQCD calculations in the 1S0 n⌃�

channel are consistent with the SU(3) symmetry expecta-
tions. At m⇡ ⇠ 389 MeV, using a volume extrapolation
as discussed above, we find that this channel has a bound
state, with binding energy B = 25± 9.3± 11 MeV. The
quality of the LQCD data in the 1S0 n⌃� channel is com-
parable to that of its 27-plet partner ⌅�⌅�, analyzed in
detail in Ref. [30] (see also [45]). In the EFT, the coe�-
cient of the LO contact operator in this channel is deter-
mined by tuning it to reproduce the LQCD-determined
binding energy. We find that this channel becomes un-
bound at m⇡

<⇠ 300 MeV, in agreement with Ref. [46],
which constrained the LO contact operator using exper-
imental data. In Fig. 1, we show the predicted 1S0 n⌃�

phase shift at the physical pion mass — (dark, light) blue
bands correspond to (statistical, systematic) uncertain-
ties — and compare with the EFT constrained by ex-
perimental data [23], the Nijmegen NSC97f model [14],
and the Jülich ’04 model [18]. The systematic uncer-
tainties on our predictions include those arising from the
LQCD calculation (see [45]) as well as estimates of omit-

ted higher-order e↵ects in the EFT.
The 3S1-3D1 n⌃� coupled channel is found to be highly

repulsive in the s-wave at m⇡ ⇠ 389 MeV, requiring in-
teractions with a hard repulsive core of extended size.
Such a core, if large enough, would violate a condition re-
quired to use Lüscher’s relation, namely R ⌧ L/2 where
R is the range of the interaction. We have determined
the EFT potential directly by solving the 3-dimensional
Schrödinger equation in finite volume to reproduce the
energy levels obtained in the LQCD calculations. The re-
pulsive core is found to be large, and formally precludes
the use of Lüscher’s relation, but both methods lead to
phase shifts that agree within uncertainties, indicating
that the exponential corrections to Lüscher’s relation are
small. In Fig. 2, we show the predicted 3S1 n⌃� phase
shift at the physical pion mass.
The n⌃� interactions presented here are the crucial

ingredient in calculations that address whether ⌃�’s ap-
pear in dense neutron matter. As a first step, and in order
to understand the competition between attractive and re-
pulsive components of the n⌃� interaction, we adopt a
result due to Fumi for the energy shift due to a static
impurity in a non-interacting Fermi system [47]:
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where µ is the reduced mass in the n⌃� system. Us-
ing our LQCD determinations of the phase shifts, and
allowing for a 30% theoretical uncertainty, the resulting
energy shift and uncertainty band is shown in Fig. 3. At
neutron number density ⇢n ⇠ 0.4 fm�3, which may be
found in the interior of neutron stars, the neutron chem-
ical potential is µn ⇠ MN + 150 MeV due to neutron-
neutron interactions, and the electron chemical potential,
µe� ⇠ 200 MeV [48]. Therefore µn + µe� ⇠ 1290 MeV,
and consequently, if µ⌃� = M⌃+�E <⇠ 1290 MeV, that
is, �E <⇠ 100 MeV, then the ⌃�, and hence the strange
quark, will play a role in the dense medium. We find
using Fumi’s theorem that �E = 46 ± 13 ± 24 MeV at
⇢n = 0.4 fm�3. Corrections due to correlations among
neutrons are di�cult to estimate and will require many-
body calculations which are beyond the scope of this
study. Despite this caveat, the results shown in Fig. 3
indicate that the repulsion in the n⌃� system is inad-
equate to exclude the presence of ⌃�’s in neutron star
matter, a conclusion that is consistent with previous phe-
nomenological modeling (for a review, see Ref. [49]).

In this letter, we have presented the first LQCD predic-
tions for hypernuclear physics, the 1S0 and 3S1 n⌃� scat-
tering phase shifts shown in Fig. 1 and Fig. 2. While the
LQCD calculations have been performed at a single lat-
tice spacing, lattice-spacing artifacts are expected to be
smaller than the other systematic uncertainties. We an-
ticipate systematically refining the analysis presented in
this letter as greater computing resources become avail-
able. The n⌃� interaction is critical in determining the

3

0 100 200 300 400 500
pLAB (MeV)

0

10

20

30

40

50

60

δ 
 (d

eg
re

es
)

NSC97f
Juelich '04
EFT

FIG. 1: LQCD-predicted 1S0 n⌃� phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
compared with other determinations, as discussed in the text.

0 100 200 300 400 500
pLAB (MeV)

-60

-50

-40

-30

-20

-10

0

10

20

30

δ 
 (d

eg
re

es
)

NSC97f
Juelich '04
EFT

FIG. 2: LQCD-predicted 3S1 n⌃� phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
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tor, thereby determining the LO interaction, including
energy-independent and local potentials, wavefunctions
and phase shifts, at the physical pion mass.

We find that our LQCD calculations in the 1S0 n⌃�

channel are consistent with the SU(3) symmetry expecta-
tions. At m⇡ ⇠ 389 MeV, using a volume extrapolation
as discussed above, we find that this channel has a bound
state, with binding energy B = 25± 9.3± 11 MeV. The
quality of the LQCD data in the 1S0 n⌃� channel is com-
parable to that of its 27-plet partner ⌅�⌅�, analyzed in
detail in Ref. [30] (see also [45]). In the EFT, the coe�-
cient of the LO contact operator in this channel is deter-
mined by tuning it to reproduce the LQCD-determined
binding energy. We find that this channel becomes un-
bound at m⇡

<⇠ 300 MeV, in agreement with Ref. [46],
which constrained the LO contact operator using exper-
imental data. In Fig. 1, we show the predicted 1S0 n⌃�

phase shift at the physical pion mass — (dark, light) blue
bands correspond to (statistical, systematic) uncertain-
ties — and compare with the EFT constrained by ex-
perimental data [23], the Nijmegen NSC97f model [14],
and the Jülich ’04 model [18]. The systematic uncer-
tainties on our predictions include those arising from the
LQCD calculation (see [45]) as well as estimates of omit-

ted higher-order e↵ects in the EFT.
The 3S1-3D1 n⌃� coupled channel is found to be highly

repulsive in the s-wave at m⇡ ⇠ 389 MeV, requiring in-
teractions with a hard repulsive core of extended size.
Such a core, if large enough, would violate a condition re-
quired to use Lüscher’s relation, namely R ⌧ L/2 where
R is the range of the interaction. We have determined
the EFT potential directly by solving the 3-dimensional
Schrödinger equation in finite volume to reproduce the
energy levels obtained in the LQCD calculations. The re-
pulsive core is found to be large, and formally precludes
the use of Lüscher’s relation, but both methods lead to
phase shifts that agree within uncertainties, indicating
that the exponential corrections to Lüscher’s relation are
small. In Fig. 2, we show the predicted 3S1 n⌃� phase
shift at the physical pion mass.
The n⌃� interactions presented here are the crucial

ingredient in calculations that address whether ⌃�’s ap-
pear in dense neutron matter. As a first step, and in order
to understand the competition between attractive and re-
pulsive components of the n⌃� interaction, we adopt a
result due to Fumi for the energy shift due to a static
impurity in a non-interacting Fermi system [47]:
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where µ is the reduced mass in the n⌃� system. Us-
ing our LQCD determinations of the phase shifts, and
allowing for a 30% theoretical uncertainty, the resulting
energy shift and uncertainty band is shown in Fig. 3. At
neutron number density ⇢n ⇠ 0.4 fm�3, which may be
found in the interior of neutron stars, the neutron chem-
ical potential is µn ⇠ MN + 150 MeV due to neutron-
neutron interactions, and the electron chemical potential,
µe� ⇠ 200 MeV [48]. Therefore µn + µe� ⇠ 1290 MeV,
and consequently, if µ⌃� = M⌃+�E <⇠ 1290 MeV, that
is, �E <⇠ 100 MeV, then the ⌃�, and hence the strange
quark, will play a role in the dense medium. We find
using Fumi’s theorem that �E = 46 ± 13 ± 24 MeV at
⇢n = 0.4 fm�3. Corrections due to correlations among
neutrons are di�cult to estimate and will require many-
body calculations which are beyond the scope of this
study. Despite this caveat, the results shown in Fig. 3
indicate that the repulsion in the n⌃� system is inad-
equate to exclude the presence of ⌃�’s in neutron star
matter, a conclusion that is consistent with previous phe-
nomenological modeling (for a review, see Ref. [49]).

In this letter, we have presented the first LQCD predic-
tions for hypernuclear physics, the 1S0 and 3S1 n⌃� scat-
tering phase shifts shown in Fig. 1 and Fig. 2. While the
LQCD calculations have been performed at a single lat-
tice spacing, lattice-spacing artifacts are expected to be
smaller than the other systematic uncertainties. We an-
ticipate systematically refining the analysis presented in
this letter as greater computing resources become avail-
able. The n⌃� interaction is critical in determining the
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tor, thereby determining the LO interaction, including
energy-independent and local potentials, wavefunctions
and phase shifts, at the physical pion mass.

We find that our LQCD calculations in the 1S0 n⌃�

channel are consistent with the SU(3) symmetry expecta-
tions. At m⇡ ⇠ 389 MeV, using a volume extrapolation
as discussed above, we find that this channel has a bound
state, with binding energy B = 25± 9.3± 11 MeV. The
quality of the LQCD data in the 1S0 n⌃� channel is com-
parable to that of its 27-plet partner ⌅�⌅�, analyzed in
detail in Ref. [30] (see also [45]). In the EFT, the coe�-
cient of the LO contact operator in this channel is deter-
mined by tuning it to reproduce the LQCD-determined
binding energy. We find that this channel becomes un-
bound at m⇡

<⇠ 300 MeV, in agreement with Ref. [46],
which constrained the LO contact operator using exper-
imental data. In Fig. 1, we show the predicted 1S0 n⌃�

phase shift at the physical pion mass — (dark, light) blue
bands correspond to (statistical, systematic) uncertain-
ties — and compare with the EFT constrained by ex-
perimental data [23], the Nijmegen NSC97f model [14],
and the Jülich ’04 model [18]. The systematic uncer-
tainties on our predictions include those arising from the
LQCD calculation (see [45]) as well as estimates of omit-

ted higher-order e↵ects in the EFT.
The 3S1-3D1 n⌃� coupled channel is found to be highly

repulsive in the s-wave at m⇡ ⇠ 389 MeV, requiring in-
teractions with a hard repulsive core of extended size.
Such a core, if large enough, would violate a condition re-
quired to use Lüscher’s relation, namely R ⌧ L/2 where
R is the range of the interaction. We have determined
the EFT potential directly by solving the 3-dimensional
Schrödinger equation in finite volume to reproduce the
energy levels obtained in the LQCD calculations. The re-
pulsive core is found to be large, and formally precludes
the use of Lüscher’s relation, but both methods lead to
phase shifts that agree within uncertainties, indicating
that the exponential corrections to Lüscher’s relation are
small. In Fig. 2, we show the predicted 3S1 n⌃� phase
shift at the physical pion mass.
The n⌃� interactions presented here are the crucial

ingredient in calculations that address whether ⌃�’s ap-
pear in dense neutron matter. As a first step, and in order
to understand the competition between attractive and re-
pulsive components of the n⌃� interaction, we adopt a
result due to Fumi for the energy shift due to a static
impurity in a non-interacting Fermi system [47]:
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where µ is the reduced mass in the n⌃� system. Us-
ing our LQCD determinations of the phase shifts, and
allowing for a 30% theoretical uncertainty, the resulting
energy shift and uncertainty band is shown in Fig. 3. At
neutron number density ⇢n ⇠ 0.4 fm�3, which may be
found in the interior of neutron stars, the neutron chem-
ical potential is µn ⇠ MN + 150 MeV due to neutron-
neutron interactions, and the electron chemical potential,
µe� ⇠ 200 MeV [48]. Therefore µn + µe� ⇠ 1290 MeV,
and consequently, if µ⌃� = M⌃+�E <⇠ 1290 MeV, that
is, �E <⇠ 100 MeV, then the ⌃�, and hence the strange
quark, will play a role in the dense medium. We find
using Fumi’s theorem that �E = 46 ± 13 ± 24 MeV at
⇢n = 0.4 fm�3. Corrections due to correlations among
neutrons are di�cult to estimate and will require many-
body calculations which are beyond the scope of this
study. Despite this caveat, the results shown in Fig. 3
indicate that the repulsion in the n⌃� system is inad-
equate to exclude the presence of ⌃�’s in neutron star
matter, a conclusion that is consistent with previous phe-
nomenological modeling (for a review, see Ref. [49]).

In this letter, we have presented the first LQCD predic-
tions for hypernuclear physics, the 1S0 and 3S1 n⌃� scat-
tering phase shifts shown in Fig. 1 and Fig. 2. While the
LQCD calculations have been performed at a single lat-
tice spacing, lattice-spacing artifacts are expected to be
smaller than the other systematic uncertainties. We an-
ticipate systematically refining the analysis presented in
this letter as greater computing resources become avail-
able. The n⌃� interaction is critical in determining the
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FIG. 10: The phase shift in the 3S1 channel. The left panel is a two-parameter fit to the ERE, while
the right panel is a three-parameter fit to the ERE, as described in the text. The inner (outer)
shaded region corresponds to the statistical uncertainty (statistical and systematic uncertainties
combined in quadrature) in two- and three-parameter ERE fit to the results of the Lattice QCD
calculation. The vertical (red) dashed line corresponds to the start of the t-channel cut and the
upper limit of the range of validity of the ERE. The light (green) dashed line corresponds to the
phase shift at the physical pion mass from the Nijmegen phase-shift analysis [38].

V. NUCLEON-NUCLEON EFFECTIVE RANGES

Unlike the scattering length, the size of the e↵ective range and the higher-order contributions
to the ERE are set by the range of the interaction. The leading estimate of the e↵ective range
for light quarks is r ⇠ 1/m

⇡

, and higher order contributions are expected to be suppressed
by further powers of the light-quark masses. It is natural to consider an expansion of the
product m

⇡

r in the light-quark masses. While the most general form of the expansion
contains terms that are non-analytic in the pion mass [40–43], for instance of the form
m

q

logm
q

, with determinations at only two pion masses (including the experimental value)
a polynomial fit function is chosen,

m

⇡

r = A + B m

⇡

+ ... . (7)

In fig. 11, the results of our LQCD calculations of m
⇡

r are shown, along with the experi-
mental value in each channel and a fit to the form given in eq. (7). While the uncertainties
in the lattice determinations are somewhat large compared to those of the experimental de-
termination, it appears that there is modest dependence upon the light-quark masses. The
fit values are

A

(1S0) = 1.348+0.080
�0.080

+0.079
�0.083 , B

(1S0) = 4.23+0.55
�0.56

+0.59
�0.57 GeV�1

A

(3S1) = 0.726+0.065
�0.059

+0.072
�0.059 , B

(3S1) = 3.70+0.42
�0.47

+0.42
�0.52 GeV�1

. (8)

The two-parameter fit is clearly over simplistic and more precise LQCD calculations are
required at smaller light-quark masses to better constrain the light-quark mass dependence
of the e↵ective ranges.
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In fig. 8, the extracted values of k cot �/m
⇡

given in Table III and from the deuteron
binding energy are shown as a function of |k|2/m2

⇡

. Following the procedure used to analyze
the results in the 1

S0-channel, again with three points to fit, two-parameter (left panel) and
three-parameter (right panel) fits to the ERE of k cot �/m

⇡

are performed and shown as
the shaded regions in fig. 8. The scattering length and e↵ective range determined from the
two-parameter fit are

m

⇡

a

(3S1) = 7.45+0.57
�0.53

+0.71
�0.49 , m

⇡

r

(3S1) = 3.71+0.28
�0.31

+0.28
�0.35 , (5)

corresponding to

a

(3S1) = 1.82+0.14
�0.13

+0.17
�0.12 fm , r

(3S1) = 0.906+0.068
�0.075

+0.068
�0.084 fm , (6)

and fig. 9 shows the 68% confidence region for the extracted values of a(
3
S1) and r

(3S1). The
shape parameter obtained from the three parameter fit to the ERE expansion is consistent
with zero: Pm

3
⇡

= 2+5
�6

+5
�6. Again the scattering length and e↵ective range extracted from the

three-parameter fit are consistent with the two-parameter fit, but with larger uncertainties.
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FIG. 9: The 68% confidence region associated with m
⇡

a(
3
S1) and m

⇡

r(
3
S1) in the 3S1 channel. The

inner region corresponds to statistical uncertainties and the outer region corresponds to statistical
and systematic uncertainties combined in quadrature.

The phase shift below the t-channel cut can be determined from these fit parameters, and
is shown in fig. 10, along with the results of the LQCD calculations and the phase shift at
the physical point. As in the 1

S0 channel, the phase shift predicted by the ERE is expected
to deviate significantly from the true phase shift near the t-channel cut, and this is seen in
fig. 10. Like the 3

S1 phase shift at the physical point, and the phase shift we have obtained
in the 1

S0 channel, the phase shift at the SU(3) symmetric point is found to change sign at
larger momenta, consistent with the presence of a repulsive hard core in the NN interaction.
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isospin violating e↵ects due to light-quark mass di↵erences and electromagnetism. However,
given the experimental determinations of the nn, np and pp scattering lengths, these e↵ects
are expected to be small.

It is interesting to note that the ratio of the scattering length to the e↵ective range in
the two channels have very similar values at the quark masses used in this work:

a

(3S1)
/r

(3S1) = 2.06+0.22
�0.18

+0.25
�0.19 , a

(1S0)
/r

(1S0) = 2.02+0.23
�0.19

+0.29
�0.18 , (9)

and that the scattering lengths in the two channels, and also the e↵ective ranges, are within
⇠ 20% of each other. In the large-N

c

limit of QCD, the nuclear forces in the two spin
channels are equal up to corrections suppressed by O(1/N2

c

) [52], and the two channels
transform in the 6 of the Wigner SU(4) symmetry. In addition, inequalities for the binding
energies of light nuclei in the Wigner-symmetry limit have been found in Ref. [53]. The
closeness of the values of the scattering parameters at m

⇡

⇠ 800 MeV is consistent with the
expectations of the large-N

c

limit of QCD.

VII. CONCLUSIONS AND DISCUSSIONS

We have presented the results of Lattice QCD calculations of low-energy NN scattering
phase-shifts and scattering parameters at the SU(3) symmetric point with a pion mass
of m

⇡

⇠ 800 MeV. For the first time, the e↵ective ranges of the NN interactions have
been determined using lattice QCD. The calculated scattering lengths and e↵ective ranges
indicate that the pion is not the dominant contribution to the long range part of the nuclear
force at these large light-quark masses, as anticipated from the single-hadron spectrum. In
both spin channels, the NN phase shifts change sign at higher momentum, near the start
of the t-channel cut, indicating that the nuclear interactions have a repulsive core even
for heavier quark masses. This suggests that the form of the nuclear interactions, and the
e↵ective potentials that will reproduce the scattering amplitude below the inelastic threshold,
is qualitatively similar to the phenomenological potentials that describe the experimental
scattering data at the physical pion mass.

Both spin channels are, in a sense, more natural at m
⇡

⇠ 800 MeV, where both satisfy
a/r ⇠ +2.0, than at the physical pion mass where a

(1S0)
/r

(1S0) ⇠ �8.7 and a

(3S1)
/r

(3S1) ⇠
+3.1. The relatively large size of the deuteron compared with the range of the nuclear forces
may persist over a large range of light-quark masses, and therefore might, in fact, not be
usefully regarded as a fine-tuning in n

f

= 2+ 1 QCD, but rather a generic feature. The 1
S0

channel, in contrast, is finely tuned at the physical light-quark masses and it remains to be
seen over what range of masses this persists.

Our calculations were performed at a single pion mass with one lattice spacing and in the
absence of electromagnetic interactions. It should be stressed that in the presence of fine-
tuning, as in the 1

S0 channel at the physical point, lattice-spacing artifacts can be enhanced
with respect to expectations based on naive dimensional analysis and scaling arguments. In
order to fully explore the behavior of the scattering phase shifts and scattering parameters
with fully quantified uncertainties, along with the issues of spin-flavor symmetry and fine
tunings, calculations at multiple lattice spacings and smaller light-quark masses are essential
and are planned for the future.
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In fig. 8, the extracted values of k cot �/m
⇡

given in Table III and from the deuteron
binding energy are shown as a function of |k|2/m2

⇡

. Following the procedure used to analyze
the results in the 1

S0-channel, again with three points to fit, two-parameter (left panel) and
three-parameter (right panel) fits to the ERE of k cot �/m

⇡

are performed and shown as
the shaded regions in fig. 8. The scattering length and e↵ective range determined from the
two-parameter fit are

m

⇡

a

(3S1) = 7.45+0.57
�0.53

+0.71
�0.49 , m

⇡

r

(3S1) = 3.71+0.28
�0.31

+0.28
�0.35 , (5)

corresponding to

a

(3S1) = 1.82+0.14
�0.13

+0.17
�0.12 fm , r

(3S1) = 0.906+0.068
�0.075

+0.068
�0.084 fm , (6)

and fig. 9 shows the 68% confidence region for the extracted values of a(
3
S1) and r

(3S1). The
shape parameter obtained from the three parameter fit to the ERE expansion is consistent
with zero: Pm

3
⇡

= 2+5
�6

+5
�6. Again the scattering length and e↵ective range extracted from the

three-parameter fit are consistent with the two-parameter fit, but with larger uncertainties.
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FIG. 9: The 68% confidence region associated with m
⇡

a(
3
S1) and m

⇡

r(
3
S1) in the 3S1 channel. The

inner region corresponds to statistical uncertainties and the outer region corresponds to statistical
and systematic uncertainties combined in quadrature.

The phase shift below the t-channel cut can be determined from these fit parameters, and
is shown in fig. 10, along with the results of the LQCD calculations and the phase shift at
the physical point. As in the 1

S0 channel, the phase shift predicted by the ERE is expected
to deviate significantly from the true phase shift near the t-channel cut, and this is seen in
fig. 10. Like the 3

S1 phase shift at the physical point, and the phase shift we have obtained
in the 1

S0 channel, the phase shift at the SU(3) symmetric point is found to change sign at
larger momenta, consistent with the presence of a repulsive hard core in the NN interaction.
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Future Prospects

• What does the future hold?

• Physical quark masses, isospin breaking, E&M(?)

• Precision YN, YY phase shifts

• p-shell and larger nuclei

• Three body information: nnn, YNN, ...

• Properties of light nuclei (moments/structure) and 
electroweak interactions

• Nuclear reactions(?): eg d+d in 4He channel 



From quarks to nuclei

• Nuclear physics is an emergent phenomenon of the Standard 
Model

• What does it take to make this a quantitative 
statement?

• Big computers and good ideas

• New endeavor in LQCD with a promising future

• Strong connections to experimental programs
at JLab, FRIB, and FAIR 

• Answer questions that experiments have not and can not
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